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The strength of micro-pressure waves emitted from railway tunnels is strongly dependent
upon the steepnesses of wavefronts arriving at tunnel portals after travelling along the tunnel.
The steepnesses are themselves dependent upon the ability of phenomena such as skin friction to
resist inertial steepening. In this paper, the in#uence of air pockets in ballast track is investigated.
First, the local behaviour of the ballast is linked to a series of Helmholtz resonators, yielding
analytical relationships whose characteristics are explored. Then the resonators are incorporated
into a simple model of wave propagation in ducts. By initially neglecting skin friction, the
existence of stable, asymptotic conditions is identi"ed. The asymptotes are shown to depend
upon the pressure amplitude but to be independent of the upstream rates of change of
pressure. The consequences of these results in real tunnels are illustrated.
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1. INTRODUCTION

The magnitudes of pressure waves generated by railway trains entering tunnels vary
approximately with the square of the train speed. To protect passengers from exposure to
large changes, it is increasingly common for modern high-speed trains to be partially sealed
aerodynamically. The cost of sealing is more acceptable than, say, the cost of building
larger-diameter tunnels or temporarily reducing speeds during tunnel entry and exit.

The sealing of trains does not, however, mitigate a second consequence of the pressure
waves, namely the emission of so-called micro-pressure waves from tunnel portals. In many
tunnels, these are little more than low-frequency noise of small amplitude. In severe cases,
however, the result can resemble a loud crack that sounds like a sonic boom. The
disturbance, which can shake doors and windows of nearby buildings, has been a source of
practical concern in Japan for some decades [1, 2] and it is now attracting attention from
European rail operators [3].

The amplitudes of the micro-pressure waves are dependent upon the frequency
distributions of compression wavefronts arriving at the tunnel exit portal. In most tunnels,
however, the amplitudes correlate closely with a single parameter, namely the maximum
rate of change of pressure in the incident wavefront [4]. This is because wavefronts tend to
have a common characteristic shape after propagating su$ciently far along a tunnel. In
practice, the correlation works quite well even when comparing di!erent tunnels. That is,
the most important property of wavefronts arriving at exit portals is their maximum rate of
change of pressure, not their absolute amplitude.

Many methods of reducing the strengths of the micro-pressure waves are possible. Some
of these attack the re#ection process directly through passive or active devices at the tunnel
exit [5}8]. Others seek to prevent the arrival of steep wavefronts along the tunnel. They
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Figure 1. Wavefront propagation in a railway tunnel (after Mashimo et al. [15]). Relative times of graphs are
indicative only. (a) Slab track; (b) ballast track.
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either reduce the steepness of the wavefront generated during train-entry [9, 10] or disrupt
the inertial steepening process as the wavefront propagates along the tunnel [11, 12].

1.1. WAVEFRONT PROPAGATION

The generation of the wavefront during train-entry [13] and the radiation of the
micro-pressure waves at the tunnel exit [14] can be simulated numerically with good
accuracy. Both events are inertia-driven, at least to "rst order. In contrast, the evolution of
the pressure distribution local to the wavefront as it propagates along the tunnel is less well
predicted. It is strongly in#uenced by dissipative phenomena as well as by inertia.

Consider the simple case of a wavefront propagating along a tunnel with smooth concrete
surfaces. The track and other "xtures in the tunnel cause some large-scale roughness, but
the overall geometry is simple. Mashimo et al. [15] report measurements in such a tunnel in
Japan. Figure 1(a) shows the measured pressure approximately 100 m from the tunnel
entrance portal together with the corresponding event after the wavefront has travelled
about 6 km. The relative positions of the two curves on the time axis have been chosen by
the present authors to convey the general message that the leading edge of the wavefront
steepens, but that the overall amplitude has reduced. Fukuda et al. [16] showed that this
behaviour can be attributed to skin friction forces exhibiting both quasi-steady and
unsteady behaviour.

Figure 1(b) shows corresponding pressure histories presented by Mashimo et al. [15] for
a tunnel with a ballast track. Once again, the relative positions on the time axis have been
chosen by the present authors, showing that the wavefront has #attened and that the overall
amplitude has reduced greatly. On arrival at the tunnel exit portal, the wavefront is far less
steep than in the slab-track case, thereby explaining why ballast-track tunnels do not
usually give rise to unacceptable micro-pressure waves. It would clearly be useful to be able
to reproduce this behaviour in a reliable manner in order to assess in advance which tunnels
might require portal modi"cations and which will not.

1.2. OUTLINE OF PAPER

The "rst purpose of this paper is to present a method of analyzing the propagation of
wavefronts along ballast}track tunnels. A second purpose is to explain the underlying
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physical behaviour and to show that ballast can have a dominant in#uence even in
relatively short tunnels. The development begins in section 2 with a description of the
mathematical model used to represent air #ows in the ballast. The response of the ballast air
to prescribed pressure histories in the air just above the track is then investigated to enable
characteristic time scales to be found. These are used to guide the inclusion of a theoretical
model of the ballast behaviour in a simulation of plane pressure wave propagation
along a tunnel. A range of values of the ballast properties and dimensions is investigated in
section 3 to assist in understanding behaviour in real tunnels.

In the main body of the paper, no account is taken of skin friction. This simpli"cation is
adopted partly for simplicity, but mostly to allow the e!ect of the air space in the ballast to
be studied as a separate entity. It has a valuable payo! in section 3 where the existence of an
asymptotic behaviour is identi"ed. The asymptotic condition is an important factor in
understanding why incident wavefronts at tunnel portals tend to have characteristically
similar shapes.

2. LOCAL BEHAVIOUR OF BALLAST

2.1. BALLAST PROPERTIES

Much existing railway track is laid on a ballast bed comprising, say, 500 mm depth of
angular stones. The bed is compacted before tracks are laid so that trains will not cause undue
settlement. Typically, the individual stones for main-line track are in the order of 30}60 mm
and the porosity of new ballast (i.e., volume of voids%total volume) is about 0)40.

Suppose that a ballast bed is 8 m wide and 0)5 m deep. If the porosity is 0)4, then the total
volume of included air per metre length of tunnel is about 1)6 m3. Typically, this is between
2 and 3% of the free-space volume of air above the ballast. There is therefore little scope for
the ballast to have a substantial in#uence on absolute pressures in the tunnel. Nevertheless,
it can have a strong in#uence on rapid rates of change of pressure.

The in#uence of the ballast depends not only on the total volume (or mass) of air
available for compression, but also on the times required for the pressurization and
de-pressurization processes to occur. These, in turn, depend primarily upon two factors,
namely (1) the resistance to quasi-steady #ows in the ballast and (2) inertial forces associated
with changes to rates of #ow.

In e!ect, the ballast acts as a porous acoustic liner and its characteristic response is
determined primarily by its acoustic impedance [17, 18]. Ozawa et al. [19] recognized that
the impedance could be modelled by regarding the ballast as analogous to an array of
Helmholtz resonators. They followed an approach used by Morse [18] to develop
expressions for lumped parameters representing the acoustic impedances of porous liners.
They assumed that the in#uence of air#ows in the plane of the ballast may be neglected in
comparison with #ows normal to the plane, although it was later found that these can have
a small in#uence [4].

2.1.1. Compliance

Using the analogy shown schematically in Figure 2, the volume of entrapped air in
a vertical column of ballast of unit surface area, depth h and porosity e is eh. Thus, the
compliance C per unit surface area of ballast is

C"

(c)eh
oc2

, (1)



Figure 2. Representation of ballast as a Helmholtz resonator.
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in which c is the ratio of the principal speci"c heat capacities of the air, o is the density of air
and c is the local speed of sound. The compliance may be interpreted as a speci"c acoustic
impedance coe$cient. The greater its value, the greater the potential for pressure reduction,
both overall and close to wavefronts.

The inclusion of c in equation (1) implies the existence of isothermal conditions within the
ballast. This is reasonable at low frequencies, but at su$ciently high frequencies, it would be
more plausible to assume adiabatic conditions and hence to omit c.

2.1.2. Resistance

If air #owed steadily in only one direction through a sample of ballast, the pressure would
decrease in the direction of #ow. The pressure gradient at any particular #ow rate would be
a measure of the resistance of the medium. For a porous medium, the resistivity r is de"ned
as the ratio of the pressure gradient Lp/Lz in the direction of #ow and the velocity w (based
on the full area, not on the pore area), i.e.,

r,
DLp/Lz D

w
. (2)

The resistivity may be regarded as a resistance per unit area and per unit length in the
direction of #ow. For practical usage, it is desirable to introduce a bulk resistance of the
whole depth of ballast. Consider vertical #ow between the overlying air and the included air.
The velocity will vary from a maximum of w

0
at the surface to zero at the bed whereas

a single parameter resistance must be based on a single velocity, herein chosen as w
0
.

Following Morse [18, p. 365] the resistance per unit area, R, is taken as

R"

rh

3
, (3)

in which the factor of 3 allows for the vertical distribution of velocity.

2.1.3. Inertance

The inertance H of the column per unit surface area of ballast is

H"

moh/3

e
, (4)
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in which the factor of 3 again allows for the vertical distribution of velocity [18]. The
empirical parameter m allows, for example, for apparent mass e!ects because of non-uniform
velocity distributions in the tortuous #ow paths through the pore structure.

2.1.4. Non-uniform ballast

The above expressions are applicable to a homogeneous ballast of the sort that might be
achieved in laboratory tests. In a real tunnel, however, the ballast can vary strongly with
depth. It is reasonable to expect, for instance, that ballast near the bed will be more highly
compacted than that near the surface. Also, small particles will tend to migrate towards the
bottom and allowance should be made for factors such as surface caking and moisture
ingress. These di!erences from an ideal geometry are important because the resistivity of
a porous medium depends very strongly on its porosity (sometimes to the fourth or "fth
power). To allow for this e!ect, the real ballast is imagined herein to be replaced by
a uniform ballast with a much greater e+ective resistivity than the ideal ballast. They are
much greater than values obtained by Ozawa [19] in laboratory tests, but much smaller
than values obtained by Embleton et al. [20] for sound wave re#ections over gravel surfaces
in the open.

2.2. EQUATION OF FLOW IN THE BALLAST

Using the lumped parameters de"ned above, the equation of motion for the air in the
stem of the equivalent resonator can be expressed as

H
d2f

0
dt2

#R
df

0
dt

#

1

C
f
0
"p (t), (5)

where f
0

is the displacement of the air at the neck and p (t), the forcing pressure at the neck,
is a prescribed function of time.

Alternatively, using the velocity at the neck, namely

w
0
"df

0
/dt, (6)

equation (5) may be written as

H
dw

0
dt

#Rw
0
#(1/C)P

t

0

w
0

dt"p (t). (7)

On the assumption that the air is initially at rest, the Laplace transform of equation (7)
leads, after some rearrangement, to

w@
0
(s)"C

1

HD C
1

(s#a )2#Mu2
n
!a2ND [sp@(s)], (8)

where s is the Laplace transform parameter, w@
0
(s) and p@ (s) are the Laplace transforms of

w
0
(t) and p (t), respectively, a is a damping factor de"ned by equation (9) and u

n
is a natural
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frequency de"ned by equation (10):

a,R/2H, (9)

u2
n
,1/HC. (10)

The inverse Laplace transform of equation (8) can be expressed as a convolution, namely

w
0
(¹ )"C

1

HD P
T*

0

Lp

Lt
(t) [=(t* )] dt*, (11)

where¹ is the current time, t*"¹!t is a backward measured time, ¹*)¹ is the time for
which the integral makes a signi"cant contribution and= is a weighting function satisfying

= (t* )"L~1 G
1

[s#a]2#[u2
n
!a2]H (t*), (12)

in which L is the Laplace transform operator.

2.3. SUBCRITICAL, CRITICAL AND SUPERCRITICAL DAMPING

The nature of the weighting function is dependent upon the relative magnitudes of the
damping factor a and the undamped natural frequency u

n
. The cases of subcritical, critical

and supercritical damping, respectively, are given by

(a) When a(u
n
,

= (t* )"exp[!at*]
sin [t*Ju2

n
!a2]

Ju2
n
!a2

. (13)

(b) When a"u
n
,

=(t*)"t* exp[!at*]. (14)

(c) When a'u
n
,

=(t* )"exp[!at*]
sinh[t*Ja2!u2

n
]

Ja2!u2
n

(15)

and the corresponding behaviours are illustrated in Figure 3.
The case of critical damping (a"u

n
) merits attention because it enables the likely

conditions in any particular tunnel to be assessed. For given numerical values of (1)
compliance per unit depth, (2) resistivity and (3) inertance per unit depth, there exists
a particular depth of ballast for which a"u

n
, namely

h
crit

"[oc/re] J12m/c . (16)



Figure 3. Typical weighting functions for sub-critical (a/u
n
"0)5), critical (a/u

n
"1)0) and super-critical

(a/u
n
"2)0) damping.
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As an example, a ballast of porosity e"0)4 and e!ective resistivity r"104>5 Pa s/m2 has
a critical depth of approximately 0)10 m. If the actual ballast depth is smaller than this, the
response to a step change in the impressed pressure will be oscillatory. If the actual depth is
greater than h

crit
, the response will be monotonic.

The remainder of this paper is applicable only to ballast exhibiting supercritical damping.
This contracts with Ozawa et al. [4, 19], whose analysis corresponds to the use of equation
(13), thereby implying subcritical damping. Their resistivities were based on samples of
ballast formed in a laboratory environment.

2.4. CONSTANT RATE OF CHANGE OF PRESSURE

Useful indicative information about physical timescales can be obtained by considering
the special case of a constant rate of change of the impressed pressure. Assuming
supercritical damping and using PQ to denote the constant rate of change of pressure,
equation (11) can be integrated to give

w
0
"

PQ
2bH C

1

a!b
!

1

a#b
!G

e*~Ma~bN¹*+

a!b
!

e*~Ma`bN¹*+

a#b HD, (17)

where the parameter b, introduced for clarity, is de"ned by

b,Ja2!u2
n
. (18)

As ¹* increases, the exponential terms in equation (17) tend to zero. The remaining terms
may therefore be interpreted as a limiting velocity, which, using equation (10) and (18), can
be expressed as

w
0=

"PQ C. (19)

Using equation (1), this becomes

w
0=

"

(c)ehPQ
oc2

, (20)
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which is independent of the resistivity of the ballast. As an example, with a ballast for which
e"0)4 and h"0)5 m, a sustained pressure increase of 10 kPa/s would induce a limiting
velocity of about 0)02 m/s.

To estimate the time required to approach the limiting velocity, consider the four terms in
square brackets in equation (17). When a is much greater than u

n
, (a!b) is much smaller

than (a#b) and so the second and fourth terms are small in comparison with the "rst and
third terms respectively. Now consider only the latter pair and note that the in#uence of the
exponential term reduces as the limiting velocity is approached. The time required to reach,
say, 98% of the limiting velocity corresponds to the time when the exponential term has
reduced to 2% of the "rst term and so

¹*
L
"

!ln 0)02

a!b
. (21)

With an e!ective resistivity of r"104>5 Pa s/m2, the above ballast yields a+5270 s~1 and
a!b+95 s~1 and so the limiting time is ¹*

L
+41)2 ms. With an e!ective resistivity of

104 Pa s/m2, the corresponding time is 11)9 ms. Thus, although the limiting value of the
in#ow velocity is independent of the resistivity, the time to attain this value is strongly
in#uenced by resistivity. The potential in#uence on wavefront shapes can be inferred by
noting that the above times are su$cient for a wavefront to propagate about 10)7 and 3)1 m
respectively along a tunnel.

2.4.1. Ramp pressure change

As a "rst approximation, a pressure wavefront propagating along a tunnel may be
considered as a linear increase in pressure from zero to a constant value. In Figure 4(a), the
ramp is labelled &&ramp 1'' and the constant pressure zone is regarded as the superposition of
this ramp with an equal and opposite &&ramp 2''. Figure 4(b) shows the predicted surface
velocity w

0
for the combined ramps for a particular ballast.

The "rst ramp causes a gradual increase in w
0

which closely approaches its limiting value
before the second ramp begins. Thereafter, the velocity decreases in a mirror-image manner.
The area under the curve is a measure of the amount of air that enters a unit surface area of
the ballast during the passage of the ramp.

2.5. FINITE-DIFFERENCE FORM OF THE BALLAST SURFACE VELOCITY INTEGRAL

In section 3, the equations describing the behaviour of the ballast are solved
simultaneously with equations describing longitudinal wave propagation along the tunnel.
To simplify this process, the ballast equation is developed into a form suitable for numerical
integration. The backward time ¹* is divided into n equal intervals Dt*, which are assumed
to be su$ciently small for = and Lp/Lt to be regarded as approximately constant in any
interval. Equation (11) is thus approximated by

w
0
(¹* )+

3e

moh

n
+
k/1

=(t*
k
) Dp

k
, (22)

where=(t*
k
) is the value of the weighting function at the mid-point of the kth backward

time interval and Dp
k

is the pressure change during that interval.



Figure 4. Response of ballast surface velocity to impressed pressure change. (h"0)5 m, e"0)4,
r"104>5 Pa s/m2). (a) prescribed pressure; (b) induced velocity.
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In the numerical implementation, the time steps of the calculation process must be
su$ciently small to ensure that this approximation is adequate. This implies the use of
smaller grid sizes than are usual in analyses of one-dimensional plane waves.

3. LONGITUDINAL WAVE PROPAGATION

The preceding development deals with the response of ballast to impressed pressure
changes. Attention now turns to the analysis of the longitudinal waves that cause the
changes. In the numerical model adopted herein, the ballast is regarded as being
concentrated in discrete pockets at grid points in the numerical scheme used to analyze the
wave propagation (see Figure 5). The pressures just upstream (A) and downstream (B) of
a typical grid point are equal, but the velocities di!er because of #ow into and out of the
ballast. The (inviscid) wave propagation between grid points is purely inertial.

This form of discretization is loosely analogous to that used by Wylie and Streeter [21] to
model wave propagation in cavitating liquid #ows. Waves propagating along the typical
paths LA and RB in Figure 5 arrive simultaneously at the double-grid point A, B at the time
t
2
"t

1
#Dt. At this grid point, four equations are needed in four unknowns: u

A
is the axial

velocity to the left of the grid point; u
B
is the axial velocity to the right of the grid point; w

0
is

the lateral velocity across the surface of the ballast; and p is the pressure at the grid point.
There are two wave equations, a continuity equation and a ballast equation (22). In

equation (22), the term denoted by k"1 involves the pressure p at the solution time
whereas all remaining terms (i.e., k'1) can be evaluated explicitly from historical data in
the time-marching numerical process.

The wave equations, expressed in characteristics form using a homentropic approach
justi"ed by Benson and Ucer [22] for #ows with low friction and Mach number, lead to

2

c!1
(c

A
!c

L
)#(u

A
!u

L
)"0 (23)

and

2

c!1
(c

B
!c

R
)!(u

B
!u

R
)"0, (24)



Figure 5. Double-valued grid points in a "xed grid for wave propagation.
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in which the speed of sound c is related to the pressure p by

p

p
=

"G
c

c
=
H
2c@(c~1)

. (25)

where p
=

and c
=

are reference values.
The continuity equation is

u
A
a"u

B
a#w

0
bDx, (26)

where a is cross-sectional area of the tunnel, b is the width of the ballast across the tunnel,
and Dx is the distance between successive grid points.

The set of equations is solved iteratively to provide the values of the three velocities and
the pressure (and hence the sound speed) at the typical double points A and B.

3.1. SOLUTION SEQUENCE

The initial condition throughout the tunnel is zero #ow and uniform pressure. This
condition is disturbed by prescribing a pressure history at the left-hand boundary, causing
a compressive wavefront to travel from left to right along the tunnel. At each solution
instant, the overall solution sequence is from left to right in Figure 5. That is, the conditions
are determined "rst at the left hand (upstream) boundary, then at the nearest grid point,
then at the next grid point, etc. This sequence enables advantage to be taken of the known
direction of wave propagation.

Before equations (23) and (24) can be used, it is necessary to deduce numerical values for
the parameters c and u at the points L and R. At the point R, the values are obtained by
interpolation between the points D and D

R
at the earlier solution time. At the point L, the

interpolation is between the points D
L

and B
L
. The latter is available explicitly because of

the use of the left-to-right sweep in the solution sequence.
The use of interpolation is inherently undesirable, especially in analyses of wavefront

development, because the "xed-grid method of characteristics is not conservative. Ideally,
a natural characteristics grid should be used, but this is not practical here because it
con#icts with the need to obtain pressures at "xed locations along the tunnel (i.e., at the
Helmholtz resonators). The adverse consequences of interpolation are minimized in the
following ways:



Figure 6. In#uence of numerical grid size on predicted wavefront shape (b"8 m, h"0)5 m, e"0)4,
r"104>5 Pa s/m2).
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(1) Solutions are obtained and compared for successively smaller grid sizes (see section 3.2);
(2) The shape of the numerical grid (i.e., the ratio Dx/Dt) is chosen to ensure that the

mid-pressure position of the wavefront is unin#uenced by interpolation. This is done by
selecting the increment Dt at each solution time to ensure that Dx/Dt is equal to the
value of u#c at the position on the wavefront where p"p

0
/2.

3.2. GRID SIZE DEPENDENCE

Figure 6 illustrates the in#uence of the grid size on a typical prediction of a wavefront
shape after it has travelled several kilometres along a ballast track tunnel with a cross-
sectional area of 60 m2. For clarity, the curves are aligned relative to their mid-pressure
positions. By inspection, the solution has almost converged with a grid size of 1 m.
Successive reductions by a factor of 2 in the grid size have strongly decreasing in#uence of
the predicted maximum pressure gradient (the key parameter for design purposes). This is
further illustrated in Figure 7 which shows the grid size dependence of the maximum
pressure gradients after the wavefront has travelled for 10 and 20 s.

In Figure 6, the grid-size dependence is less strong in the high-pressure region than in the
low-pressure region at the leading toe of the wavefront. As the grid size is reduced, the
leading part of the wavefront approaches more closely to the hand-drawn curve labelled
&&extrapolated prediction''. Results not presented here have con"rmed that the true curve
should be close to this line. They have been obtained using very small grid sizes and
alternative methods of choosing calculation time steps.

Notwithstanding the separate tests, the results presented in the remainder of this paper
have been obtained using the numerical scheme leading to the curve labelled Dx"1 m in
Figure 6. This is regarded as a reasonable compromise between con#icting needs for high
accuracy and acceptable CPU times. In all subsequent "gures, the in#uence of grid size can
be assessed by observing the extent of the dissipation at the toe of the wavefront. The true
curves should be assumed to have the general shape indicated by the hand-drawn
extrapolation in Figure 6.



Figure 7. In#uence of numerical grid size on predicted maximum rates of change of pressure (p
0
"2 kPa,

b"8 m, h"0)5 m, e"0)4, r"104>5 Pa s/m2).
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3.3. ECONOMIC PROCEDURE FOR LONG TUNNEL CALCULATIONS

The need for "ne detail in the numerical simulations leads to unusually large CPU times
for one dimensional analyses. These are caused partly by the very long tunnels to be
simulated, partly by the use of exceptionally small grid sizes and partly by nested
iterative loops that are needed to avoid even stronger grid-size dependence. As an example,
consider the use of a grid size of Dx"1 m in a tunnel of length ¸"10 km. This implies
a need for 10 000 grid points, at each of which calculations must be undertaken at 10 000
time steps.

This process is shortened here by regarding the 10 km tunnel as a series of, say, 10 1 km
tunnels, each of which is much longer than the length of the signi"cant part of the
wavefront. The predicted pressure}velocity history at a suitable location upstream of the
right-hand end of each tunnel is used as the prescribed boundary condition at the left-hand
end of the next tunnel. This greatly reduces the number of super#uous calculations far
ahead of the wavefront and far behind it. The necessary CPU time reduces approximately in
proportion to the number of tunnel segments.

4. EVOLUTION OF WAVEFRONTS

4.1. STEP WAVEFRONT

Figure 8 shows successive pressure distributions as a wavefront propagates along a 60 m2

tunnel. The prescribed condition at the upstream boundary is a sudden increase of pressure
from zero to a constant value of 2 kPa (Note: numerically, the rise occurs in one grid length,
namely 1 m in this instance). The dimensions of the ballast (b"8 m, h"0)5 m) are typical
for ballast track tunnels and the numerical values of its properties (e"0)4,
r"104>5 Pa s/m2) are taken to be indicative of an operational high-speed tunnel.

The distance scale in Figure 8 is chosen relative to axes moving at the ambient sonic
speed, namely 340 m/s in all examples herein. In the absence of ballast or other dissipative
in#uences, a step wavefront would propagate inde"nitely far along the tunnel as a simple
shock, travelling about 3 m/s faster than the chosen axes. In this example, however,
a markedly di!erent behaviour is observed. Initially, the leading part of the wavefront



Figure 8. Evolution of a step wavefront (b"8 m, h"0)5 m, e"0)4, r"104>5 Pa s/m2).
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propagates more rapidly than the ambient sound speed, but this tendency is soon over-
ridden by the e!ects of the ballast.

The behaviour admits to a simple physical interpretation. Consider "rst the conditions at
the leading step of the wavefront as it propagates along the tunnel. When the step reaches
any particular location, it encounters ballast containing air at the same pressure as the
undisturbed tunnel. As the impressed pressure increases, air begins to #ow into the ballast,
simultaneously increasing the pressure in the ballast and decreasing the pressure in the open
tunnel. This process is repeated at each successive location encountered by the wavefront so
the magnitude of its leading edge is continuously eroded.

Now consider conditions at some point on the wavefront behind the leading step.
Conceptually, exactly the same process applies, but there is an important di!erence. When
the chosen point reaches any particular position, it encounters ballast that has already been
pressurized by earlier parts of the wave. As a consequence, the induced rate of #ow is smaller
than that which occurs close to the leading step and so the rate of erosion of pressure is also
smaller. At su$ciently large distances behind the step, the rate is very small indeed.

After a short time, the wavefront settles down to a shape that is characteristic of its
strength and of the tunnel in which it is propagating. Thereafter, the erosion process is
repeated as the wavefront encounters each new section of ballast, but the e!ect is
counterbalanced by inertial steepening and so the wavefront shape remains nearly constant.
When successive large-time curves are shifted so that they superimpose upon one another, it
is found that they are nearly identical. That is, the shape of the wavefront has become
constant and the only measurable e!ect of the ballast is to reduce the speed of propagation
along the tunnel. In this example, the bulk wave speed is about 4)5 m/s slower than the
reference axes whereas a simple shock of the same amplitude would travel about 3 m/s
faster than the axes.

4.2. RAMP WAVEFRONT

Figure 9 shows the corresponding pressure distributions when the prescribed pressure at
the upstream boundary rises more gently from zero to a constant value of 2 kPa. With



Figure 9. Evolution of a ramp wavefront (b"8 m, h"0)5 m, e"0)4, r"104>5 Pa s/m2)
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a prescribed rate of change of 8 kPa/s, the length of the resulting ramp wavefront is
approximately 85 m. This is indicative of a train entering an abrupt tunnel portal at about
250 km/h.

The dissipative in#uence of the ballast is exerted in a similar way to that observed for the
step wavefront. The early time behaviour is less easy to see, however. This is partly because
of the length of the ramp and partly because 0)25 s elapse before the whole wavefront enters
the boundary. That is, the ballast is acting on the leading portions of the ramp before the
later portions exist. The later-time behaviour is seen more easily; it bears a close
resemblance to that shown in Figure 8 for a step wavefront.

In each of the pressure distributions in Figure 9, the maximum pressure gradient is
greater than the prescribed initial value. That is, there has been net steepening of the
wavefront even though the tunnel has a ballast track. Nevertheless, the ballast has
prevented the development of the shock that would be expected after about 14 s in the
absence of dissipative in#uences.

4.3. ASYMPTOTIC CONDITION

In the "rst of the above examples, a step wavefront becomes less steep as it propagates
along the tunnel, but the process approaches an asymptotic condition after a few seconds.
In the second example, a ramp wavefront becomes more steep and also approaches an
asymptotic condition. Figure 10 con"rms that both cases are approaching the same
asymptote. That is, the steady state condition is independent of the initial pressure gradient.
Furthermore, only short times are required to approach the asymptote quite closely (see
section 4.4 for more detailed evidence). Nakao et al. [23] obtained qualitatively similar
wavefronts in laboratory experiments.

These conclusions have important consequences for tunnel designers wishing to prevent
the radiation of unacceptable micro-pressure waves from tunnel exit portals. First,
modi"cations to tunnel entrance regions will have little in#uence on the outcome at exit



Figure 10. Asymptotic wavefront approached from above and below (b"8 m, h"0)5 m, e"0)4,
r"104>5 Pa s/m2, p

0
"2 kPa, PQ

0
"8 and 680 kPa/s, time"70 s).
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portals except in tunnels that are too short for the asymptotic condition to be approached.
More important, if ballast is provided expressely for the purpose of preventing excessive
micro-pressure waves, it should be concentrated in the region upstream of the exit portal,
not distributed uniformly along the tunnel. In a long tunnel, this could represent a major
cost saving.

4.4. TIME TO APPROACH ASYMPTOTIC CONDITION

Figure 11 shows the evolution of the maximum pressure gradients of various wavefronts
as they propagate along the tunnel. In each case, the upstream pressure increases linearly
from zero to 2 kPa and is then held constant. The curves denoted by initial gradients of
680 kPa/s and 8 kPa/s are deduced from the same data that was used to produce Figures
8 and 9. The other curves have been obtained by repeating the whole process using di!erent
initial pressure gradients. The implied lengths of the initial ramps range from 1 m
(680 kPa/s) to 170 m (4 kPa/s). This "gure is consistent with results given by Aoki et al. [24],
who used Burger's equation to predict the asymptotic state of viscous shock waves.

The practical signi"cance of this "gure is that it can be used to estimate the length of
ballast track that would be necessary to ensure that the wavefront arriving at the tunnel exit
portal is dominated by the ballast. As an example, suppose that the target condition is
within $25% of the asymptotic value. This is achieved for the step wavefront in a time of
about 4 s and for the 8 kPa/s ramp in about 15 s, corresponding to ballast lengths of 1)4 km
and 5)1 km respectively.



Figure 11. Evolution of maximum pressure gradients (b"8 m, h"0)5 m, e"0)4, r"104>5 Pa s/m2,
p
0
"2 kPa).
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4.5. INFLUENCE OF PRESSURE AMPLITUDE

The particular asymptotic condition obtained above is applicable only for the chosen
pressure amplitude of 2 kPa. When the analysis is repeated with smaller or greater
amplitudes, di!erent asymptotes are obtained. A close family resemblance is demonstrated
in Figure 12, however, in which both axes are scaled by the incident pressure amplitude p

0
.

The maximum gradients of the four curves are nearly equal, showing that the pressure
gradient varies approximately as the square of p

0
. Thus, for example, if the asymptotic

steepness of a 2 kPa wavefront is approximately 24 kPa/s, then the corresponding steepness
of a 1 kPa wavefront will be about 6 kPa/s. For future use (see Appendix A), note that the
asymptotic steepness of a 0)75 kPa wavefront with these ballast properties would be about
3)4 kPa/s.

Historically, it has been unusual for the amplitudes of individual wavefronts in railway
tunnels to exceed about 2 kPa, but this might change as the use of aerodynamically sealed
rolling stock becomes more widespread. There are strong commercial incentives to pursue
this path because the limiting of pressure amplitudes is equivalent to limiting train speeds.
Alternatively, in the case of new tunnels with prescribed speeds, it is equivalent to placing
a lower limit on the permitted tunnel cross-sectional area.

Whether the pressure increase is caused by increased train speed or by decreased tunnel
area, it will be accompanied by a decrease in time of development of the pressure rise during
train entry. Therefore, the upstream pressure gradient will increase even more than the
amplitude. Using Figure 11, the time required for the ballast to assert near-asymptotic
conditions will usually decrease.



Figure 12. In#uence of pressure amplitude on asymptotic wavefront shape (b"8 m, h"0)5 m, e"0)4,
r"104>5 Pa s/m2).
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5. SKIN FRICTION

The overall goal of the study within which the reported work has been undertaken is to
develop reliable methods of predicting the evolution of wavefronts in real tunnels. To
achieve this goal, it is necessary to consider the in#uence of skin friction as well as that of
ballast. For the purposes of the present paper, however the inclusion of skin friction would
reduce clarity. In particular, it would eliminate the possibility of developing the asymptotic
states that are so crucial to understanding the in#uence of ballast.

One consequence of skin friction is that it gradually reduces the amplitudes of wavefronts
as they propagate along a tunnel. Using Figure 12, we many deduce that the asymptotic
steepnesses of the wavefronts will also reduce. If the ballasted region of tunnel is of su$cient
length, the real wavefront should closely resemble a succession of asymptotic states with
reducing amplitudes and reducing pressure gradients. This is consistent with measurements
at full scale.

In principle, account should be taken of unsteady skin friction as well as quasi-steady skin
friction. In the absence of ballast and other complications, unsteady skin friction is the
only important phenomenon constraining the steepening of wavefronts in tunnels.
Nevertheless, it is not su$ciently powerful to prevent the development of severe sonic
booms in some slab track tunnels and so it cannot have a major impact on the asymptotic
conditions predicted herein. Its primary in#uence in ballast track tunnels will be an
additional contribution to the decay process attributed to quasi-steady skin friction in the
preceding paragraph.
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6. CONCLUSIONS

1. A numerical model of wave propagation in tunnels with ballast track has been developed
for a simpli"ed condition in which skin friction is neglected. The model enables the
identi"cation of behaviour that would be obscured if skin friction were included.

2. The most important properties of tunnel ballast are its porosity and resistivity. For
a given porosity and depth of ballast, there exists a critical resistivity, above which
non-oscillatory responses to impressed pressure changes are predicted. This state
corresponds to behaviour observed in real tunnels.

3. For any particular uniform ballast, an asymptotic wavefront shape exists that is
dependent only on the amplitude of the constant pressure region behind the wavefront.

4. The maximum pressure gradient in the asymptotic wavefront varies approximately as
the square of wavefront amplitude.

5. The time required for a wavefront to approach the asymptotic state is su$ciently small
to be of signi"cance in tunnel design. In particular, ballast introduced solely for the
purpose of reducing the radiation of micro-pressure waves from tunnel exit portals
should be concentrated in the exit region of the tunnel.

6. In real tunnels, skin friction gradually erodes the amplitudes of wavefronts, but has little
direct in#uence on their shapes. Wavefronts in real tunnels with ballast tracks may
therefore approximate to a succession of inviscid asymptotic states.
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APPENDIX A: COMPARISON WITH MEASURED DATA

Although many measurements exist of pressure histories in railway tunnels, very few have
su$cient detail to enable the shapes of wavefronts to be observed. Of these, the only one
known to the authors in a simple ballast track tunnel of adequate length is the 63 m2 Rokko
Tunnel in Japan [15]. Measurements from this paper have been reproduced in Figure
1 herein.

Figure A1(a) shows the measured pressure history 11 km from the entrance portal. After
travelling so far along the tunnel, the amplitude of the wavefront has been greatly
attenuated by skin friction. It would therefore not be appropriate to compare it with the
asymptotic form of a wavefront with the same amplitude as the initial wavefront. Instead,
the measured trace is compared with the predicted asymptotic shape of a wavefront with an
amplitude indicative of the instantaneous condition, namely 0)75 kPa. The ballast is
assumed to be 0)6 m deep, to have a porosity of 0)35 and an e!ective resistivity of
105 Pa s/m2. These values lead to a smaller rate of change of pressure than that predicted in
section 4)5 for a wavefront of equal magnitude in a di!erent ballast. By inspection, the
shapes of the measured and theoretical curves are broadly similar even though the latter is



Figure A1. Comparison of measured data and predictions based on inviscid, asymptotic conditions (b"8 m,
h"0)6 m, e"0)35, r"105 Pa s/m2, p

0
"0)75 kPa). (a) pressure; (b) pressure gradients.
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based on inviscid conditions.
Figure A1(b) shows rates of change of pressure close to the wavefront. This is a more

severe test of the validity of the predicted shape than the simple comparison in Figure A1(a).
When interpreting this Figure, three factors must be taken into account:

(1) The values chosen for the porosity, depth and e!ective resistivity of the ballast are
believed to be realistic, but the true values for the particular tunnel are not known.

(2) The &&measured'' values of Lp/Lt have been smoothed numerically to reduce the
in#uence of noise in the raw data.

(3) The in#uence of numerical dissipation at the toe of the asymptotic curve has been
restricted by curtailing the permitted length of the toe.

Given the unavoidable limitations of these comparisons, it would not be reasonable to
conclude that Figure A1 validates the theoretical method. Neither is it su$ciently strong to
con"rm the hypothesis that the local shape of the asymptotic wavefront is nearly
independent of skin friction. It is reasonable, however, to conclude that the comparisons are
consistent with the theoretical trends and with predictions based on the hypothesis. In the
absence of experimental evidence to the contrary, the authors propose to proceed with
caution on the assumption that the methodology is su$ciently robust for engineering
design purposes.

APPENDIX B: NOMENCLATURE

Scalars
a cross-sectional area (m2)
b width of ballast track (m)
C compliance of ballast per unit area (m/Pa)
c speed of sound (m/s)
e porosity of ballast
H inertance of ballast (Pa s2/m)
h depth of ballast (m)
PQ prescribed rate of change of pressure (Pa/s)
p static pressure in tunnel (Pa)
R resistance of ballast per unit area (Pa s/m)
r resistivity of ballast (Pa s/m2)
s Laplace transform parameter (1/s)
¹ current time instant
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¹* time for which accelerations in#uence ballast response (s)
t time (s)
t* time measured backwards from current instant (s)
u mean velocity (m/s)
= weighting function
w vertical velocity in ballast (based on total area) (m/s)
x distance along tunnel axis (m)
z distance below ballast surface (m)
a damping parameter (see equation (9))
b damping parameter (see equation (18))
c ratio of principal speci"c heat capacities
f displacement of air in the neck of a resonator (m)
o mass density (kg/m3)
m apparent mass coe$cient
u

n
natural frequency (s~1)

L Laplace transform operator

Subscripts
0 initial condition, surface condition
A,B solution points
crit critical damping
k arbitrary element in summation series
¸ limiting condition (practical)
¸,R points on wave paths
P
0
/2 mid-pressure position on wavefront

R reference condition, limiting condition (asymptote)

Superscripts
@ Laplace transformed
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